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Abstract
This article introduces a new geophysical theory, in the form of a single simple partial integro-
differential equation, to explain how frictional abrasion alone of a stone on a planar beach can
lead to the oval shapes observed empirically. The underlying idea in this theory is the intuitive
observation that the rate of ablation at a point on the surface of the stone is proportional to
the product of the curvature of the stone at that point and how often the stone is likely to be
in contact with the beach at that point. Specifically, key roles in this new model are played by
both the random wave process and the global (non-local) shape of the stone, i.e., its shape away
from the point of contact with the beach. The underlying physical mechanism for this process
is the conversion of kinetic energy from the wave process to potential energy of the stone. No
closed-form or even asymptotic solution is known for the basic equation, even in a 2-dimensional
setting, but numerical solutions are presented in both the deterministic continuous-time setting
using standard curve-shortening algorithms, and a stochastic discrete-time polyhedral-slicing
setting using Monte Carlo simulation.
Mathematics Subject Classification (2010). Primary 86A60, 53C44; Secondary 45K05, 35Q86
Key words and phrases. Curve shortening flow, partial integro-differential equation, Monte Carlo
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1 Introduction
“The esthetic shapes of mature beach pebbles”, as geologists have remarked, “have an irresistible
fascination for sensitive mankind” [Dobkins and Folk, 1970]. This fascination dates back at least
to Aristotle ([Aristotle, 1913]; see [Krynine, 1960]), and has often been discussed in the scientific
literature (e.g., [Landon, 1930], [Rayleigh, 1942], [Bluck, 1967], [Carr, 1969], [Williams and Caldwell,
1988], [Ashcroft, 1990], [Lorang and Komar, 1990], [Wald, 1990], [Hamilton, 1994], [Durian et al,
2006], [Winzer, 2013], and [Domokos and Gibbons, 2018]).
Prevailing mathematical models for the evolving shapes under frictional abrasion of 2- and
3-dimensional “stones” all contain hypotheses guaranteeing that the shapes will always become
spherical in the limit (e.g., [Firey, 1974], [Bloore, 1977], [Gage, 1984], [Huisken, 1984], [Andrews,
1999], [Andrews et al, 2013], and [Priour, 2020]), but observations of beach stones in nature suggest
that the “empirically pleasing” shapes of beach stones are almost never spherical, but instead, real
beach stones and artificial pebbles from laboratory experiments typically have elongated oval shapes
(e.g., see Figures 1 and 2).
Remark 1.1. As observed by Krynine [1960], “on the seashore the similar pebbles are seen in the
same places”, and evidence of this is also apparent in Figure 2. Note that stones from the same
beach (left and center) appear to have roughly the same shape independent of size - smaller stones
do not appear to be becoming spherical or cigar-shaped. However, shapes of stones from different
beaches (right) may vary significantly. In fact, the new model presented below predicts exactly this
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Figure 1: Examples of artificial pebbles of marble (above) abraded in his laboratory, and natural
pebbles of flint (below) collected by [Rayleigh, 1944].
Figure 2: Stones on a beach in the Banks peninsula of New Zealand (left), beach stones collected
from a different beach on South Island by A. Berger (center), and beach stones collected by the
author on several continents (right; the largest is about 30 cm long, and weighs about 13 kg).
behavior - that the shapes of stones on the same beach, i.e., subject to the same wave action, tend
to evolve toward the same shape, independent of size; see Example 6.2 below.
The main goal of this paper is to introduce a simple mathematical equation based on physically
realistic principles that may help explain the limiting (non-elliptical) oval shapes of stones wearing
down solely by frictional abrasion by waves on a flat sandy beach. Although very easy to state,
this new equation is technically challenging and no closed-form solution is known to the author for
most starting stone shapes or distributions of wave energies, even in a 2-d setting. On the other
hand, two different types of numerical approximations of solutions of this equation for various
starting shapes indicate excellent conformity with the classical experimental and empirical shapes
of beach stones found by Lord Rayleigh (son and biographer of Nobelist Lord Rayleigh). One type
of numerical solution of the equation models the evolving shapes of various isolated beach stones
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in a deterministic continuous-time setting using standard techniques for solving curve-shortening
problems, and the other type uses Monte Carlo simulation to approximate typical changes in the
stone shape in a discrete-time discrete-state setting.
This paper is organized as follows: Section 2 provides an overview of the standard distance-
driven and curvature-driven isotropic models of frictional abrasion of stones, with graphical nu-
merical solutions of each in the 2-d setting; Section 3 introduces a non-isotropic curvature and
contact-likelihood model of frictional abrasion of beach stones, with graphical numerical examples,
also in the 2-d setting; Section 4 contains the definition and essential assumptions concerning the
underlying wave process; Section 5 establishes the relationship between the abrasion-direction func-
tion and the contact-likelihood function; Section 6 identifies the relationship between the transfer of
wave energy to stone potential energy and the contact-likelihood function; Section 7 identifies the
limiting 2-d shapes of stones under the curvature and contact-likelihood model, and compares them
with empirical data involving both artificial laboratory-generated stones and natural beach stones;
Section 8 presents a discrete-time discrete-abrasion stochastic model analogous to the deterministic
continuous curvature and contact-time model, and includes the results of Monte Carlo simulations
in both the 2-d and 3-d settings; Section 9 contains several open theoretical mathematical prob-
lems related to these models; Section 10 contains a short conclusion; and the Appendix contains
pseudocode for the numerical graphics and a link to the full code.
2 Classical Isotropic Models
The idea to try to model evolving shapes of beach stones dates back at least to Aristotle (cf. [Kry-
nine, 1960]), who conjectured that spherical shapes dominate (see [Domokos and Gibbons, 2012]).
In support of his theory, Aristotle proposed that the inward rate of abrasion in a given direction
is an increasing function of the distance from the center of mass of the stone to the tangent plane
(the beach) in that direction, the intuition being that the further from the center of mass a point
is, the more likely incremental pieces are to be worn off, since the moment arm is larger.
Notation. Let h denote the support function of a simple closed curve or surface with the origin
taken as the center of mass (barycenter) of the curve or surface (see Figure 3); and let h0 denote the
support function with a given fixed origin. Thus, as formalized by Domokos and Gibbons [2012],
Figure 3: The outer red curves are the support functions (cf. [Ghosh and Kumar, 1998]) for the
inner black shapes, with the origin taken as the center of mass; see Appendix.
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Aristotle’s model was simply the distance-driven curve-shortening flow
∂h
∂t
= −f(h), (1)
where f is an increasing function of the distance h = h(t, u) from the center
of mass of the stone to the tangent plane in unit direction u at time t.
Under this model (1), the further from the center of mass, the faster the stone is eroding. As
noted by Domokos and Gibbons [2012], since the location of the center of gravity is determined
by time-dependent integrals, (1) is a non-local (cf. [Kavallaris and Suzuki, 2018]) partial integro-
differential equation. Figure 4 illustrates numerical solutions of equation (1) in the 2-dimensional
setting for several starting shapes (egg-shaped, ellipses with small and large eccentricities, and
triangular) for the function f(h) = h2; note that all shapes become circular in the limit.
Figure 4: The evolution of four 2-d shapes under Aristotle’s model (1) with f(h) = h2; see Ap-
pendix. Note the limiting circular shapes in each case.
Modern mathematical models for the evolving shapes of stones under frictional abrasion only
(e.g., [Firey, 1974], [Andrews, 1998], and [Andrews, 2002]), assume, as Aristotle did, that the
ablation is normal to the surface of the stone, but unlike Aristotle, assume that the rate of ablation
is proportional to the curvature at the point of contact, and is a function only of the curvature. As
did Aristotle, these models also assume that the stones are undergoing isotropic abrasion, i.e., the
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stones are being abraded uniformly from all directions, and each point on the surface of the stone
is equally likely to be in contact with the abrasive plane. Typical real-life examples of isotropic
frictional abrasion of stones include asteroids under bombardment by micrometeorites, or a single
stone in a standard rock tumbler (see Figure 8(b) below).
The assumption that the rate of abrasion is proportional to the curvature is analogous to the
assumption that equal volumes (areas) are ablated in equal time (see Figure 5). This is physically
realistic in that sharp points tend to erode more rapidly than flat regions. Note that under the
assumption that the inward rate of abrasion is proportional to the curvature, the stone in Figure
5 will erode inward at rates less rapidly from A to C. Taking the constant of proportionality to
be 1, and using the notation of Firey [1974], the basic assumption that the rate of ablation is
proportional only to the curvature at the point of contact yields the classical curvature-driven
deterministic curve-shortening flow, the local geometric PDE
∂h0
∂t
= −κ (2)
where h0 = h0(t, u) is the support function with fixed origin, and κ = κ(t, u)
is the (Gaussian) curvature of the body in unit direction u at time t.
Figure 5: In curvature-driven frictional abrasion models, ablation is assumed inward normal to the
surface, at a rate proportional to the curvature at the point of contact. Thus if the curvature κ(A)
at the point of contact A is half that at C, κ(C), the rate at which the surface is being eroded in
the normal direction at A is half the rate at C. Note that in Aristotle’s distance-driven model (1)
these relative rates of erosion are also increasing from A to C, since the distances from the center
of gravity to the point of contact with the abrasive surface are increasing from A to C.
As is well-known, the limiting (renormalized) support function h under the curve-shortening flow
(2) is constant for essentially all (smooth) convex starting shapes (e.g., [Firey, 1974], [Andrews,
1998], and [Andrews, 2002]). Since support functions uniquely determine convex bodies (e.g.,
[Ghosh and Kumar, 1998]), and since spheres are the only convex bodies with constant support
functions (with the origin at the center), this implies that the shape of a convex stone eroding
under (2) becomes spherical in the limit. Figure 6 illustrates this in the 2-d setting with numerical
solutions to (2) starting with the same four initial shapes as in Figure 4.
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Figure 6: Numerical solutions of the curvature-driven PDE equation (2) in a 2-d setting with
various initial shapes; see Appendix. Note that, like the evolution of shapes under the integro-
partial differential equation (1) with f(h) = h2, the limiting shapes are circles.
Thus standard models of the evolution of shapes of stones under frictional abrasion, both
distance-driven models such as (1) and curvature-driven models such as (2) are isotropic, and are
independent of both the shape of the stone away from the point of contact with the beach and the
underlying wave dynamics.
3 A Non-Isotropic Frictional Abrasion Model
In a physically realistic model of the evolving shape of a stone undergoing frictional abrasion with
a beach, however, both the wave dynamics and the shape of the stone play significant roles in the
abrasion process. Intuitively, for instance, if the waves are consistently very small the abrasion will
be minimal and concentrated on the local stable side of the stone, making it flatter. Under moderate
wave action, however, beach stones will become more rounded as will be discussed below. As for
the shape of the stone playing a role, Rayleigh noted that based on observations in his empirical
and laboratory experiments, “this abrasion cannot be merely a function of the local curvature”
[Rayleigh, 1942, p. 207]; Firey similarly observed that the shape of the stone “surely has a dynamic
effect on the tumbling process and so on the distribution of contact directions at time t” [Firey,
1974, p. 1]. Thus, a more physically realistic model of the evolving shapes of beach stones under
frictional abrasion will necessarily be non-isotropic.
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The distance-driven and curvature-driven models (1) and (2) do not provide physically realistic
frameworks for the evolving shapes of stones undergoing frictional abrasion on a flat beach simply
because they are isotropic, that is, they assume that abrasion of the stone is equally likely to occur
in every direction regardless of the shape of the stone and the dynamics of the wave process. In
particular, in models like (1) (with f(h) = hα for some α > 1) and (2), a spherical stone is in stable
(attracting) equilibrium, and any shape close to a sphere will become more spherical. Among real
beach stones, however, “Pebbles never approach the spherical” [Wald, 1990, p. 211] and “one will
never find stones in spherical form” [Winzer, 2013, p. 1]. Rayleigh even observed “a tendency to
change away from a sphere” [Rayleigh, 1942, p. 114], i.e., that spheres are in unstable (repelling)
equilibrium.
To see informally how a sphere could be in unstable equilibrium under frictional abrasion alone,
consider the thought experiment of the abrasion of a sphere as illustrated in Figure 7. Initially, all
points on the surface of the spherical stone are in equilibrium, and the abrasion is isotropic. But
as soon as a small area has been ablated at a point on the surface, then that flattened direction
is more likely to be in contact with the beach than any other direction, so the abrasion process
now has become non-isotropic. That direction of contact with the beach has now entered stable
equilibrium, as shown at point B in Figure 7. Moreover, since the center of gravity of the ablated
stone has now moved directly away from B, the point A is now also in stable equilibrium, and
the stone is more likely to be ablated at A than at any other point except the B side. Thus, if a
sphere is subject solely to frictional abrasion with a plane (the beach), the abrasion process will
immediately become non-isotropic, and the stone will initially tend to flatten out on two opposite
sides.
Figure 7: In a spherical stone (left) all points on its surface are in unstable equilibrium, with
identical curvatures. As one side is ablated (center) that position now becomes in stable equilibrium,
as does the point A diametrically opposite, and the abrasion process becomes non-isotropic; see
text. Hence the most likely directions for the stone to be ablated next are in directions A and B.
The centers of gravity of the stones from left to right are at c1, c2, c3, respectively.
As mentioned above, in a stone undergoing frictional abrasion on a beach, not only the shape
of the stone, but also the dynamics of the ocean (or lake) waves play a crucial role. If the waves are
consistently very small, the stones will tend to rest in one stable position, and the low energy of
the waves will cause the stones to grind down to a flat face on that side, much like a standard flat
lap polisher (see Figure 8(a)) is designed to do. The likelihood that other points on the surface of
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the stone will come into contact with the abrasive beach plane is very small. At the other extreme,
if the waves are consistently huge, then it is likely that all exposed surface points of the stone will
come into contact with the beach about equally often, i.e., the stone will be undergoing nearly
isotropic abrasion as in a rock tumbler (see Figure 8(b)).
Figure 8: Two standard commercial rock polishers. The device in (a) is a flat lap polisher, which
produces a flat face on a rock by vibrating it on a rough flat surface. This corresponds to the
evolution of a beach stone under consistently very small waves. The device in (b) is a standard rock
tumbler, which mimics the evolution of shapes of beach stones under consistently huge waves, i.e.,
nearly isotropic abrasion, and produces stones tending toward spherical shapes. (See Appendix for
image sources.)
In the non-isotropic model presented below, an isolated beach stone is eroding as it is being
tossed about by incoming waves (e.g., the beach may be thought of as a plane of sandpaper set
at a slight angle against the incoming waves), and the only process eroding the stone is frictional
abrasion with the beach (e.g., no collisional or precipitation factors as in [Bloore, 1977] or [Sipos
et al., 2018]). As with the curvature-driven model (2) above, it is assumed that the rate of ablation
per unit time at the point of contact with the beach is proportional to its curvature at that point
– that is, sharp points will wear faster than flat regions. Unlike a stone eroding in space in the
absence of significant gravity, the likelihood that abrasive contact of a stone with a beach occurs
in different directions generally depends on the shape of the stone and the wave dynamics. That
is, in any physically realistic model the ablation process is not isotropic.
Here, it is assumed that the energy required for the frictional abrasion of a beach stone is pro-
vided solely by the energy of the incoming waves, a time-dependent random process varying, for
example, in amplitude, velocity, and direction. Thus the point of contact of the stone with the
beach is also a time-varying random variable, and the average abrasion over time at a given point
depends on both the curvature at that point and the relative likelihood that point is in contact
with the beach compared to other points. More precisely:
The expected net rate of inward ablation of a beach stone at a given point on its surface
is the product of the rate of abrasion per unit time in that direction of contact, i.e., the
curvature in that direction, and the likelihood that abrasion is occurring in that direction.
This basic product principle yields the following conceptually natural curvature and contact-
likelihood equation that is the crux of this article, namely:
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∂h
∂t
= −λκ (3)
where h is as in (1), κ is as in (2), and λ = λ(t, u) is the likelihood
of abrasion in unit direction u at time t.
The crucial contact-likelihood function λ in (3) may be very complicated since it generally
depends on both the shape of the stone away from the point of contact (i.e., equation (3) is non-
local), and on the dynamics of the underlying wave process. As will be seen in Section 5 below,
λ may be viewed as the limiting local time of the limiting occupation measure (cf. [Geman and
Horowitz, 1980]) of the time-dependent random process that reflects which direction the abrasive
planar beach will be eroding the stone at that time.
The contact-likelihood function λ may also reflect variations in the convexity and homogeneity
of the stone. For example, if a stone is concave (dented ) in an interval of unit directions B at time
t, then λ(u) = 0 for all u in B, so there is no abrasion in those directions at that time. Similarly, if
the stone is non-homogeneous, then λ may not be uniform even for a stone with a spherical surface,
as seen in the next example.
Figure 9: Typical density functions of contact-likelihood distributions for the hypothetical non-
homogeneous stone on the left under consistently small waves (red), consistently large waves (blue)
and an intermediate-strength wave process (green).
Example 3.1. The “stone” in Figure 9 is an otherwise-homogeneous sphere (circle) with an off-
center hollow cavity as shown. Since the curvatures at points A, B, C, and D are identical, i.e.,
κ(A) = κ(B) = κ(C) = κ(D) (4)
under the curvature-driven isotropic model (2), the evolving shape of the stone will remain exactly
circular until the cavity is reached. Under the distance-driven model (1) the abrasion is also
isotropic, but the rates of abrasion will be different at different points on the surface, with points
such as B far from the center of mass eroding more rapidly than points such as A that are closer to
the center of mass. Thus, under (1) the stone in Figure 9 will also erode until the cavity is reached,
but faster than it does under (2), at which time the shape will erode until it again becomes spherical.
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Even for homogeneous and strictly convex stones, the role played by the contact-likelihood
function λ distinguishes the dynamics of the evolution of shape given by the non-isotopic model
(3) from isotropic distance-driven models like (1) and from isotropic curvature-driven models such
as (2), as is seen in the next example.
Figure 10: The average (expected) contact likelihoods for a homogeneous stone under a wave
process where the likelihood of contact at a point is a decreasing function of its distance from the
center of mass of the stone, and the instantaneous rates of ablation are based on the curvature and
contact-likelihood model (3).(The osculating circles illustrate the curvature assumption in equation
(5).)
Example 3.2. Suppose that in the hypothetical stone in Figure 10 the distances from A and C to
the center of mass of the stone are equal, and exactly three times that from B and D to the center
of mass, and that the curvature κ is a continuous positive function satisfying
κ(C) = κ(D) = 2κ(A) = 2κ(B). (5)
In the isotropic distance-driven model (1) with f(h) = h2, the rates of ablation at points A and C
will be equal and exactly nine times the rates at B and D, contrary to the physical intuition that
under most wave dynamics, the rate of ablation at point D should be greater than that at points
A or C. In the isotropic curvature-driven model (2), the rates of ablation normal to the surface at
points C and D will be equal, in spite of the fact that D is more “stable” than C. Similarly, the
rates of ablation at A and B will be equal, and exactly half the rates at C and D.
Now suppose that the contact likelihoods at those four points satisfy
λ(B) = λ(D) = 3λ(A) = 3λ(C). (6)
Thus the abrasion is non-isotropic, and under the curvature and contact-likelihood model (3), the
ablation rate at D is three times as great as that at C (even though both points have identical
curvature) and six times as great as that at A. (See Figure 10.)
In some cases where the stone satisfies standard regularity conditions, as will be seen next,
λ may be approximated by a very simple function of the support function of the stone, i.e., the
distance from the center of mass of the stone.
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Convex and Homogeneous Stones
Suppose the stone is homogeneous and convex, and that the crests of the random wave process
follow a Pareto distribution, as is often assumed in oceanographic models (cf. [Stansell, 2005],
[Mackay et al., 2011], [Teixeira et al., 2018], and [Chen et al., 2019]). If the point of contact of the
stone with the beach results from a simple transfer of kinetic energy from the wave into potential
energy of the stone (e.g., by lifting it), then the contact-likelihood function λ may sometimes be
approximated by a fairly simple function.
The next example presents exactly such a hypothetical contact-likelihood function, in this case,
λ = h−α for some α ≥ 1; that is, the likelihood of normal abrasion in unit direction u at time t is
inversely proportional to the α-th power of the distance in that direction from the tangent plane
(the beach) to the center of mass of the stone.
Heuristics for this representation λ = h−α will be presented in Section 6 below. In short, those
heuristics rest on several physical assumptions and mathematical facts including: a transfer of wave
energy to potential energy of the stone; a Pareto distribution of wave crests; an initial shape of
the stone that is smooth and strictly convex; the fact that every absolutely continuous probability
distribution has a density (Radon-Nikodym derivative); and the fact that the density functions of
a Pareto distribution conditioned on every subinterval of its range are proportional.
Example 3.3. Suppose the wave crests follow a Pareto distribution, in which case (as will be
explained in more detail in Section 4 below), the likelihood that the stone will be undergoing
abrasion in a given direction will be inversely proportional to a power of the distance to the tangent
plane (beach) in that direction, i.e., λ(t, u) = h(t, u)−α. With the support function depending on
the evolving center of mass, the curvature and contact-likelihood equation (3) in this case becomes
the partial integro-differential equation
∂h
∂t
= − κ
hα
(7)
where h is as in (1), κ is as in (2), and α ≥ 1.
Figure 11 illustrates evolving non-spherical oval shapes of the same initial 2-d stones shown in
Figures 4 and 6 above under the non-isotropic curvature and contact-likelihood equation (7) with
α = 3; note the similarity of these oval shapes with the real beach stones in Figures 1, 2, and 12.
In equation (7), the different roles of the three essential rate-of-abrasion factors – curvature at
point of contact, global shape of the stone, and wave dynamics – are readily distinguishable in the
three variables κ, h, and α. The variable κ reflects the curvature at the point of contact, h reflects
the global shape of the stone via its evolving center of mass, and α reflects the intensity of the wave
process (in fact, in the interpretation in Example 6.2 below, α is an explicit decreasing function of
the expected (mean) value of the wave crests). For example, increasing the curvature at the point
of contact affects neither the center of mass nor the wave dynamics, changing the center of mass
affects neither the curvature at the point of contact nor the wave dynamics, and changing the wave
dynamics affects neither the center of mass nor the curvature of the stone.
In this sense, equation (7) may be considered a prototypical example of the model introduced
here, and the robustness of this simple model with respect to starting shapes is seen in Figure 11.
Comparing the apparent limiting shapes with the shapes of actual beach stones (e.g., Figures 1, 2,
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Figure 11: Numerical solution of the curvature and contact-likelihood equation (7) with α = 3 and
various starting shapes; see Appendix. Note that all lead to an oval similar to that in Figure 1
(also see Figure 20 below.)
and 12), as observed about an analogous model in [Domokos et al., 2009], “The results show nice
agreement with real data despite the model’s simplicity”. As will be seen in Section 8 below, this
same prototypical equation model (7) is also robust in both 2-d and 3-d discrete-time discrete-state
“stochastic-slicing” models of the evolution of shapes of beach stones.
As noted above, the contact-likelihood function λ in basic equation (3) may also reflect the
observed evolving oval shapes of natural non-homogeneous and/or non-convex stones (see Figure
12) under frictional abrasion with a rough plane, perhaps also via the model in (7) directly.
Remark 3.4. Several other theories have also been proposed to model the evolution of non-
spherical stone shapes, including processes that involve growth (e.g., via chemical precipitation; see
[Domokos et al., 2009], and [Sipos et al., 2018]). The evolving shape of the egg-shaped stone in
Figure 11(a) is strikingly similar to Figure 4 in [Winzer, 2017], which is based on a model leading
to the formation of elliptical stones by both grinding and rolling abrasion. That model assumes
that the starting shape is “an already flat stone, lying in the water with its ab-plane parallel to the
plane of the sandy beach” and in contrast to robustness of the model presented here, “it is almost
impossible that stones whose initial form is similar to a prism, a tetrahedron or a conical cylinder,
take the form of an ellipsoid, even after a very long grinding process” [Winzer, 2017]. Moreover,
as concluded by Rayleigh from both his laboratory experiments and observations of natural beach
stones, the limiting oval shapes are specifically not elliptical [Rayleigh, 1942].
12
Figure 12: Three isolated beach stones collected by the author illustrate the apparent prevailing
oval shapes of beach stones even when the stone is not homogeneous. The holes in the two stones
in (a) were made by a boring clam triodana crocea in the face of an underwater stationary rock
wall or boulder at Montan˜a de Oro State Park in California. These oval-shaped “holey” stones
were formed when portions of those rocks with the clam holes broke off and were worn down by
frictional abrasion with the beach. The coral stone in (b) is from a beach cave in Negril, Jamaica.
4 Stochastic Wave Process
The first step in formalizing the fundamental role played by the waves in this non-isotropic curvature
and contact-likelihood frictional abrasion model (3) is to define formally what is meant by a wave
process.
Definition 4.1. A wave process W is a d-dimensional stochastic process on an underlying proba-
bility space (Ω,F , P ), i.e., W : Ω× R+ → Rd is such that
for each ω ∈ Ω,W (ω, ·) is a Borel measurable function from R+ to Rd, (8)
and
for each t ≥ 0,W (·, t) is a d-dimensional random vector. (9)
The d components of the random vector W may represent quantities such as wave velocity,
direction, amplitude, and so forth.
Wave Continuity Assumption
In real-life waves, these components do not change instantaneously, and this observation motivates
the underlying assumption in this paper that W is a continuous stochastic process; i.e.,
{W (ω, t) : t ≥ 0} is continuous for all ω ∈ Ω. (10)
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Example 4.2. (i) W (t) = asin(2pit). This is a deterministic (completely non-random) process
in which the waves are continuous and exactly periodic, and depending on the value of a, may
represent consistently large or consistently small waves.
(ii) W (t) = Xbtcsin(2pit), where btc = max{n : n ≤ t}, and X1, X2, X3, . . . are i.i.d. positive
random variables. Note that this wave process W is in general not periodic, in contrast to the
models in [Winzer, 2013] and [Winzer, 2017]. On the other hand, the distributions of W on the
intervals {[j, j + 1) : j ≥ 1} are independent and identically distributed stochastic processes, and
in that sense the distribution of W is piecewise periodic.
A standard assumption in oceanography, (e.g., see [Stansell, 2005], [Mackay et al., 2011], [Teix-
eira et al., 2018], and [Chen et al., 2019]), is that the relative maximum wave heights (wave crests)
have a Pareto distribution. The next example is a wave process with this property, and this Pareto
distribution will play a key role in the basic heuristics underlying the physical intuition for equation
(7).
Example 4.3. W (t) = Xbtcsin(2pit), where btc = max{n : n ≤ t}, and X1, X2, X3, . . . are i.i.d.
Pareto random variables with c.d.f. P (Xj ≤ x) = 1− (x0/x)2 for all x ≥ x0 > 0; see Figure 13.
Note that unlike Brownian motion, which is also a continuous-time continuous-state stochastic
process, a wave process is in general not a Markov process, for the simple reason that the current
instantaneous state of the process alone may not indicate whether the wave is rising or falling.
Figure 13: A sample path of a stochastic wave process with Pareto distribution as in Example
4.3; see Appendix. Note that the process is not periodic, which plays a crucial role in the theory
presented here.
A second key assumption about the wave process necessary for a physically realistic geophysical
process to follow the curvature and contact-likelihood model (3) is that the long-term behavior of
the wave process is in equilibrium (steady state). To put this in context, recall that for a continuous
function X : R+ → R, the occupation measure (or occupation time of X up to time s) is the function
Ts defined by
Ts(B) = m({0 ≤ t ≤ s : X(t) ∈ B}) =
∫ s
0
IB(X(t))dt for all Borel B ⊂ R,
where m denotes Lebesgue measure on R1, and IB is the indicator function of B.
As is well known (e.g., [Geman and Horowitz, 1980]), the function Ts is a Borel measure on R,
where Ts(B) denotes the proportion of time up to s that the process X is in B. If Ts is absolutely
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continuous, then the Radon-Nikodym derivative of Ts is called the local time of X up to time s
[Bjo¨rk, 2015]. Similarly, if X is a continuous Rd-valued stochastic process, then Ts is a random Borel
measure on Rd, and s−1Ts is a random Borel probability measure on Rd, the average occupation
time of X up to time s.
Wave Steady-State Assumption
In addition to the wave continuity assumption (10), it is assumed that the wave process {W (ω, t) :
t ≥ 0} has a limiting average occupation measure µW , i.e., the probability measures s−1Ts converge
strongly to µW . That is, µW is a Borel probability measure on Rd satisfying
µW (Bˆ) = lim
s→∞
1
s
m({0 ≤ t ≤ s : W (·, t) ∈ Bˆ}) a.s. for all Borel Bˆ ⊂ Rd. (11)
Note that assumption (11) is essentially a strong law of large numbers, and implies for instance
that W is not going off to infinity, or forever oscillating on average between several different values.
Example 4.4. Suppose W is a wave process with Pareto distribution as in Example 4.3. Then
the maximum heights of the wave intervals {Xj sin(2pit) : t ∈ [j, j + 1); j ≥ 1} are X1, X2, . . . ,
respectively, which by assumption are i.i.d. Pareto with P (Xj > x) = (x0/x)
2 for all x ≥ x0.
Thus by the Glivenko-Cantelli Theorem, the equilibrium limiting distribution of the maximum
wave heights (crests) of W has this Pareto distribution.
5 Abrasion-Direction and Contact-Likelihood Function
The next step in relating the underlying wave process W to equation (3) is to describe the relation-
ship of W to the contact-likelihood function λ, which involves the direction of the point of abrasion
on the stone as a function of the underlying time-dependent stochastic wave process W . For ease
of exposition and grapical illustration, in this section “stones” will be depicted in a 2-d setting.
The next two examples illustrate informally how a non-constant contact-likelihood function λ
can occur naturally, thereby inducing a non-isotropic frictional abrasion process.
Figure 14: A hypothetical stone and typical contact-likelihood density functions λ under heavy
(red) and light (blue) wave intensities.
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Example 5.1. Consider the hypothetical homogeneous 2-d stone in Figure 14. Under isotropic
abrasion, the contact likelihood λ in all directions would be identical, i.e.,
λ(A) = λ(B) = λ(C) = λ(D). (12)
If the underlying wave process is sufficiently small, on the other hand, then
λ(A) = λ(B) = λ(C) ≈ 0 (13)
is perhaps a more physically realistic assumption, and according to curvature and contact-frequency
model (3), there will be essentially no ablation at all at those points.
On the other extreme, if the underlying wave process is sufficiently large, as would be similar
to ablation in a rock tumbler (see Figure 8(b)), then the contact times (nearly) satisfy (12).
A (2-dimensional) stone is a compact convex set K ⊂ R2 with non-empty interior int(K). Let
c = cK ∈ int(K) denote the center of mass (barycenter) of K, and let S1 denote the unit ball
S1 = {(x, y) ∈ R2 : x2 + y2 = 1}.
Definition 5.2. An oriented stone γ is an embedding γ : S1 → R+ with the origin taken as the
barycenter of the convex hull of the graph of γ. Let S denote the set of all oriented stones.
The point of abrasion of a stone with the beach as a result of an incoming wave depends not
only on the size and shape of the stone, but also on the wave intensity and the orientation of the
stone with the beach when the wave hits. As illustrated in Figure 15, the same wave may act on
different orientations of the same stone to bring it into contact with the beach at different points
on its surface.
Definition 5.3. An abrasion direction function D is a continuous function D : S× Rd → S1.
The value D(γ, z) specifies the unit direction of the abrasion plane (the beach) resulting from a
wave with parameter z ∈ Rd acting on the oriented stone γ. In other words, D(γ, z) specifies which
direction of γ will be “down” after γ is hit by a wave with parameters z ∈ Rd. Figure 16 illustrates
typical values of u1 and u2 of the abrasion function D of the oriented stone γ after impact by two
waves with different wave parameters z1 and z2, respectively, resulting in two different points of
contact with the beach, u1 and u2, at distances h(u1) and h(u2) from the center of mass.
Recall that m denotes Lebesgue measure.
Proposition 5.4. Given an oriented stone γ, a wave process W , and an abrasion direction function
D, the function Λ = Λ(γ,W,D) : (Ω,F)→ [0, 1] given by
Λ(B) = lim
s→∞
1
s
m({0 ≤ t ≤ s : D(γ,W (·, t)) ∈ B}) for all Borel B ⊂ S1 (14)
almost surely defines a Borel probability measure on S1.
Proof. Fix a Borel set B in S1. Recall by (9) that for all t ≥ 0, W (·, t) is a random variable. By
(10) and Definition 5.3, D(γ, ·) is continuous, and hence Borel measurable, so there exists a Borel
set Bˆ in Rd such that
D(γ,W (·, t)) ∈ B) ⇐⇒ W (·, t) ∈ Bˆ for all t ≥ 0. (15)
By the wave steady-state assumption (11), the limit in (14) exists and equals µW (Bˆ) a.s., so since
µW is a probability measure, 0 ≤ Λ(B) ≤ 1 a.s. The demonstration that Λ is a.s. a measure is
routine.
16
Figure 15: The same stone in two different orientations is moved into different points of contact by
a wave with the same parameters.
Figure 16: An oriented stone γ hit by two different waves with parameters z1 and z2, respectively,
results in two different directions of contact with the abrasive plane (beach), u1 = D(γ, z1) and
u2 = D(γ, z1).
The probability measure Λ in Proposition 5.4 is the occupation measure (cf. [Geman and
Horowitz, 1980]) of the steady-state likelihood (average time) that the oriented stone γ is in contact
with the abrasive plane in various directions, assuming that the rate of abrasion is negligible. For
example, if I ∈ S1 is an interval of unit directions, then Λ(I) is the probability that the oriented
stone γ is in contact with the beach in direction u for some u ∈ I.
If Λ is absolutely continuous (with respect to Lebesgue measure on S1), then λ, the Radon-
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Nikodym derivative of Λ with respect to the uniform distribution on S1, is the local time (cf. [Bjo¨rk,
2015]) of the stochastic process D(γ,W ). That is, λ = dΛ/dm is the density function of the
distribution of the occupation measure. In some instances, as will be seen in the next section, λ
may be approximated by a simple function of γ, in particular, of the support function h of γ.
6 Energy Transfer and Contact-Likelihood
The energy required to produce frictional abrasion of a stone on the beach is assumed to come
only from the waves, which lift and slide the stone against the beach (recall that in this simple
model, collisional abrasion with other stones is assumed negligible). To lift the stone in Figure 17
to abrasion position (c) requires more energy than to lift it to position (b), and (b) requires more
energy than (a). Thus the expected likelihood (or frequency that) the stone is in position (c) is
less than that in (b), and (b) less than (a). This means that for these three points of contact, the
value of the contact-likelihood function λ is decreasing from (a) to (c); the actual numerical values
of λ at these points of course also depend on the external wave process.
Figure 17: The distances h from the center of gravity of the stone in the direction of the normal to
the tangent contact plane are proportional to the potential energies of the stone in that position,
and hence proportional to the wave energy necessary to lift the stone to that position.
Discrete Contact-likelihood
To see how a contact-likelihood function λ may be discrete and explicitly calculated (or approxi-
mated), consider the 2-dimensional rectangular “stone” in Figure 18. Without loss of generality,
x1 < x2 and m = 2/g, so the potential energy of the stone in position (a) is x1 and the potential
energy in position (c) is x2.
Let W be a Pareto wave process as in Example 4.3; see Figure 13 for a sample path. Then the
crests (maximum wave heights) of W are the i.i.d. random variables {Xj ; j ∈ N}. Let F¯ denote
the complementary cumulative distribution function of X1, i.e., F¯ = P (X1 > x) for all x ≥ 0.
Suppose first that the stone is on a longer x2-side (Figure 18 (a)) at time j ∈ N. Then it flips
onto an x1-side (Figure 18(c)) during the time interval [j, j + 1) if and only if the value of Xj is
greater than the energy required to lift the stone from position (a) to position (b), i.e., is enough
to increase the potential energy of the stone from x1 to more than
√
x12 + x22.
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Figure 18: A rectangular stone has stable positions of equilibrium at (a) and (c); more energy is
required to move the stone from position (a) to (c) than to move it from (c) to (a).
Since the {Xj} are i.i.d., this implies (ignoring multiple flips) that the number of waves until
a flip occurs from (a) to (c) is a geometric random variable N1 with parameter F¯ (
√
x12 + x22 −
x1) := p1, so the expected value of N1 is E(N1) = 1/p1. Similarly, the expected number of
waves E(N2) until a flip occurs from a shorter x1-side (Figure 18 (c)) to an x2-side is 1/p2, where
p2 = F¯ (
√
x12 + x22 − x2) > p1.
Thus by the strong law of large numbers, the limiting frequency of time that the stone is on
side x1 is less than the relative frequency of time the stone is on side x2, since
E(N2)
E(N1) + E(N2)
=
1/p1
1/p1 + 1/p2
=
p1
p1 + p2
<
p2
p1 + p2
=
E(N1)
E(N1) + E(N2)
.
Example 6.1. Suppose the 2-dimensional stone is as in Figure 18 with x1 = 6 and x2 = 8, and
the relative maxima (crests) of the wave process W are as in Example 4.3. Then
p1 = F¯ (4) =
c
42
>
c
22
= F¯ (2) = p2,
so the likelihood that the stone is on a short side (x1 or its opposite side) is
22/c
22/c+42/c
= 0.2
and the likelihood the stone is on a long side (x2 or its opposite) is 0.8. This implies that
in terms of the oriented stone as in Figure 18(a), the contact likelihood function λ at time t
satisfies λ(t, (1, 0)) = λ(t, (−1, 0)) = 0.1, λ(t, (0, 1)) = λ(t, (0,−1)) = 0.4, and λ(t, u) = 0 for
u /∈ {(1, 0), (−1, 0), (0, 1), (0,−1)}.
Continuous Contact-likelihood
Next consider a model of the curvature and contact-time ablation equation (3) where the ablation
process is assumed to be continuous in time and space, i.e., a curve-shortening process (cf. [Deck-
elnick and Dziuk, 1994]). As before, the incoming wave crest of W lifts the stone to a position
determined by the wave parameters (e.g., kinetic energy of the crest), where its surface is ablated
incrementally.
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Fix t > 0, and suppose that the oriented stone γ = γ(t) is smooth and strictly convex, i.e.,
the non-empty interior of γ is strictly convex with smooth (C∞) boundary. Since γ is convex, its
support function h is continuous, so there exist 0 < hmin < hmax <∞ so that
range(h) = [hmin, hmax] ⊂ R+. (16)
Let Λ denote the occupation measure of the likelihood function of the abrasion direction process
as in Proposition 5.4, and let XΛ denote a random variable with values in the unit sphere and with
distribution Λ, i.e., for all intervals of unit directions I, P (XΛ ∈ I) = Λ(I) represents the likelihood
that γ’s direction of contact with the planar beach at time t is in I. Assuming that W and D
are continuous ((10) and Definition 5.3), it is routine to check that since γ is strictly convex, the
random direction XΛ is absolutely continuous. Thus XΛ has a (Borel) density function λ : S
1 → R+
satisfying P (XΛ ∈ I) =
∫
I λ(u)du for all intervals I ⊂ S1.
Let YΛ denote the random variable YΛ = mgh(XΛ), where m is the mass (e.g., volume, or area
in the 2-d setting) of γ and g is the force of gravity. Thus YΛ represents the potential energy of
γ when XΛ is the direction of contact of the stone γ with the abrasive plane, i.e., when XΛ is the
“down” direction at time t. Then (16) implies that
range(YΛ) = [mghmin,mghmax] ⊂ R+. (17)
Assuming that the wave crests (relative maxima) are converted into potential energy of the
stone in the corresponding “down” positions (see Figure 17), this implies that the distribution of
YΛ, given that YΛ is in [mghmin,mghmax], is the same as the distribution of the successive wave
crests of W (see Figure 13) given that they are in [mghmin,mghmax].
Ignoring secondary effects such as multiple rolls of the stone, this yields an informal physical
explanation for equation (7), as is seen in the next example.
Example 6.2. Suppose that γ is smooth and strictly convex and that W is a wave process as in
Example 4.3, with the {Xj} i.i.d. Pareto random variables satisfying P (Xj > x) = (x0/x)2 for all
x ≥ x0 for some x0 > 0. Then the sequence X1, X2, . . . represents the values of the successive crests
(relative maxima) of W , i.e., Xj = max{W (·, t) : t ∈ [j, j + 1)} (see Figure 13).
This implies that for all x0 < x1 < x2, the conditional distribution of each Xj , given that Xj
has values in [x1, x2] is an absolutely continuous random variable with density proportional to 1/x
3
for x ∈ [x1, x2], i.e., there is a d > 0 so that
P (Xj ∈ I | Xj ∈ [x1, x2]) = d
∫
I
1
x3
dx for all I = (a1, a2) ⊂ [x1, x2]. (18)
Letting Yj denote the maximum potential energy of the stone γ during time period [j, j + 1), then
Yj = mgh(Xj) (see Figure 17). Again assuming that the wave energy at its crests are converted
into potential energy of the stone (see Figure 18), (18) implies that Yj is also absolutely continuous
with density proportional to 1/h3 for h ∈ [hmin, hmax], so (3) yields (7) with α = 3. Note that as
the stone gets smaller, the factor 1/h3 remains unchanged, but is applied to new values of hmin
and hmax. This suggests that stones of different sizes on the same beach, i.e., subject to the same
(Pareto) wave process, will abrade to the same (renormalized) shapes; see Figure 2 and Remark
1.1.
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Remark 6.3. Note that the model in (7) is not valid for extremely small values, e.g. when the size
of the beach stone is below the Pareto threshold x0 of the wave. Intuitively, when the beach stone
becomes extremely small, it is comparable to one of the grains of sand that make up the beach,
and is subject to different dynamics such as collisional abrasion and fracturing.
7 Limiting Shapes for Continuous Frictional Abrasion
Recall that, as the numerical approximations in Figure 6 illustrated in the 2-d setting, the limiting
shape of stones under curvature-only ablation (2) is spherical, and when normalized, is the unit
sphere. Similarly, if the contact-likelihood function λ in (3) is constant, then the process is isotropic
and as can be seen (this requires proof), the limiting shape will also be spherical.
For non-isotropic (non-constant) contact likelihood functions λ, however, the limiting shape
depends on λ, and this shape may sometimes be determined or approximated as follows. First, it is
routine to check that the re-normalized shapes will stay the same if and only if h = h(u, t) satisfies
∂h
∂t
= −ch (19)
for some c > 0 ; see Figure 19 in the 2-d setting. Equating the term ∂h/∂t in equation (19) with
Figure 19: Numerical approximations of the solution to Aristotle’s equation (2) with f(h) = h, as
in (19), illustrating the preservation of shape under this model; see Appendix.
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the same term in (3) yields the shape equation
κ = c
h
λ
. (20)
Example 7.1. Suppose that the underlying wave crests have a Pareto distribution with α > 1, and
that the ablation process results solely from the conversion of the energy of the wave process W
into the potential energy of the stone, by lifting it to the position where abrasion will occur. Then,
as seen in Example 6.2, the expected time until a wave crest of energy h arrives is proportional to
hα, so λ = h−(α+1). With (20) this yields the limiting shape equation
κ = chα+1. (21)
Numerical solutions of (21) for the cases α = 2.5, 3, 4 are shown in Figure 20. Note that flatter
ovals correspond to Pareto waves with smaller means (i.e., with lighter tails), that is, as physical
intuition suggests, more powerful waves produce more spherical limiting shapes.
Since κ = (h + h′′)−1, and since h is the distance to the center of mass, note that (21) is a
non-local ordinary differential equation.
Figure 20: Plots of the non-circular numerical solutions of the limiting shape equation (21) for
α = 2.5, 3.0 and 4.0, respectively; see Appendix. The equations for these ovals are not known; see
Open Problem 1 below.
Note that the oval shapes in Figure 20 appear very similar to the non-elliptical ovals found by
Rayleigh shown in Figure 1 in his empirical data in both natural specimens of beach stones and in
his laboratory experiments. Moreover, as Rayleigh noted, “the principal section of the pebble lies
outside the ellipse drawn to the same axes, and I have not so far found any exception to this rule
among artificial pebbles shaped by mutual attrition, or among natural pebbles” [Rayleigh, 1944].
More concretely, Figure 21 illustrates the limiting shapes predicted by the hypothetical model
in equation (7) with the empirical laboratory data reported by Rayleigh [1942]. The stone in Figure
21(14b) is the near-elliptical actual stone he subjected to frictional abrasion, and to its right (14c)
is the same stone after ablation. In the two curves on the right in Figure 21, the one on the left
is an exact ellipse with minor axis 0.5 and major axis 1.0 centered at the origin, and to its right
is the evolved shape after curve shortening via the curvature and contact-likelihood equation (7)
with α = 2.2. Note the striking resemblance of the experimental results with the model presented
in the simple equation (3) with λ = h−(α+1).
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Figure 21: Actual before and after shapes (left) of a stone worn by frictional abrasion in a laboratory,
as recorded by Lord Rayleigh in 1942. Rayleigh specifically noted that the limiting shapes are not
ellipses, and demonstrated this starting with a stone with an elliptical shape (14b), which after
ablation assumed the non-elliptical shape shown in (14c) [Rayleigh, 1942]. The graphics on the
right illustrate how closely a numerical solution to equation (7) approximates his findings in a 2-d
setting; see Appendix.
Although no analytical solutions for (21) are known to this author, Arno Berger [Berger, 2020]
has established the exact number (modulo rotational symmetry) of non-circular simple closed so-
lutions, for each α > 0, of the equation
κ = rα (22)
where κ is curvature, and r is radius in polar coordinates with origin fixed .
In particular, Berger has proved that for each 3 < α < 8 there is exactly one (up to rotation)
non-circular simple closed solution of (22). Moreover he found that numerical approximations
indicate that the solutions of (22) are ovals similar to those in Figure 20, and proved that those
oval solutions are not ellipses. This author conjectures that very similar results, perhaps even with
the same parameter range, hold for the analogous limiting shape equation (21).
8 Stochastic Discrete-time Monte Carlo Simulations
In actual physical frictional abrasion, of course, the evolution of the shape of a stone is not con-
tinuous in time, since the ablated portions occur in discrete packets of atoms or molecules. For
isotropic frictional abrasion, this has been studied by Krapivsky and Redner [2007], Domokos et al.
[2009], and Priour [2020], who analyzed the evolution of the rounding of stones (toward spherical
shapes) using Monte Carlo simulation and a “stochastic chipping” process. The goal of this section
is to present an analagous stochastic discrete-time analog of the evolution of a stone’s shape under
the basic isotropic curvature and contact-likelihood equation (7), where again discrete portions of
the stone are removed at discrete steps, but now where the effects of both the global shape of the
stone (via h) and the wave dynamics (via α) are taken into account.
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In this setting, as illustrated in Figure 22, an (oriented) stone γ is hit by a wave W resulting in
the unit direction of contact u = D(γ,W ) of γ with the abrasive plane, at which time a small fixed
fraction δ of the volume of the stone is ground off in that direction. Recall as illustrated in Figure
5 that removing a fixed fraction of the stone in a given direction is analogous to removing a portion
proportional to its curvature there. The evolving stones in this discrete stochastic framework are
eventually random convex polygons (polyhedra), for which almost every point on the surface has
curvature zero. Thus this assumption that fixed proportions are removed, rather than portions
proportional to curvature, seems physically intuitive.
Figure 22: In the stochastic-slicing model, a wave W moves the stone into a random point of
contact in unit direction u with the planar abrasive beach, at which time a flat face is ground off.
Figure 23 illustrates the results of a Monte Carlo simulation of this stochastic-slicing process
evolving under the discrete-time analog of equation (3) in the special case (7) with α = 3 for the
same four initial 2-d stone shapes as in Figure 11. Here, the direction of ablation is again selected
at random, not uniformly (isotropically), but inversely proportional to the cube of the distance
in that direction from the center of mass to the tangent plane (line). Note the similarity of the
limiting oval shapes in both the continuous and discrete settings, as seen in Figures 11 and 23,
respectively.
An analogous Monte Carlo simulation of this same frictional abrasion process is illustrated
in the 3-d setting in Figure 24, where two initial shapes, a smooth convex egg-shaped body and
a non-regular tetrahedron, are undergoing a discrete-time analog of the same basic non-isotropic
curvature and contact-likelihood model (7) with α = 3. Similar to the analysis in [Priour, 2020]
where a discrete-time stochastic chipping model of the isotropic curvature-driven equation (2) was
used to study the rate at which initial 3-d shapes converge toward spheres, the evolving body here
repeatedly has sections of a fixed proportion δ of the volume removed at each step by a planar cut,
in a random direction, normal to the support function in that direction. In this case, however, in
sharp contrast to that in [Priour, 2020], the abrasion is non-isotropic with the likelihood of abrasion
in a given direction inversely proportional to the cube of the distance from the center of mass of
the stone to the supporting plane in that direction.
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Figure 23: Monte Carlo simulations of the evolution of the shapes of various beach stones under
the stochastic-slicing model with the inverse-cube contact-frequency equation (7); see Appendix.
9 Open Theoretical Problems
The following is a list of some of the mathematical problems related to the models above that this
author does not know how to solve.
1. Prove or disprove that in the 2-d version of Aristotle’s equation (1) with f(h) = hα, for all
convex initial shapes, the renormalized shapes converge to a circle for all α > 1 and remain
the same for α = 1. Determine the limiting renormalized shapes for 0 < α < 1, and for all
α > 0 for which there is convergence, identify the rates of convergence.
2. Prove or disprove that besides the circle, there is only one simple closed solution to the 2-d
equation ∂h/∂t = −κ/h3 when the sizes are renormalized; identify the equation for the non-
circular solution if there is one. Prove or disprove that the circle is in unstable equilibrium,
and that the other simple closed solution is in stable equilibrium. More generally, do the
same for solutions of equation (7) for α 6= 3.
3. Prove or disprove that besides the circle, there is only one simple closed solution to the 2-d
equation κ = h4; identify the equation for the non-circular solution if there is one. More
generally, do the same for κ = hα for α 6= 4).
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Figure 24: Monte Carlo simulations, in the 3-d setting, analogous to the 2-d results illustrated
in Figure 23, where fixed proportions of the volume are sliced off in random directions, with the
directions chosen inversely proportional to the cube of the distance from the center of mass, i.e. a
discrete analog of (7); see Appendix. For comparison, the corresponding “side”, “end”, and “top”
views of one of the natural beach stones in Figure 2(right) are shown at bottom.
4. Identify the equation for the unique simple closed non-circular solution to the 2-d equation
κ = r4 (where r is the radius in polar coordinates), the existence of which is proved in [Berger,
2020]. More generally, do the same for κ = rα for all 3 < α < 8.
5. Prove or disprove that when the sizes (areas) are renormalized, the 2-d “stochastic slicing”
process illustrated in Figure 23 converges in distribution, and if it converges, identify the
limiting distribution and the rate of convergence.
6. Prove or disprove that there is exactly one non-circular simple closed solution to (21) for
2 < α < 7, and that this interval is sharp.
7. Extend all of the above to the 3-d setting, and by replacing h by h0. (Same for the 3-d process
in Figure 24.)
The numerical results in this paper also suggest comparison of these theoretical frictional abra-
sion evolving shape models with the empirical evolving shapes of beach stones, both natural and in
laboratory experiments. For example, is the theoretical observation of a 3-d stone’s shape evolving
toward an oval body with three different cross-sections as in Figure 24 consistent with natural
beach stones undergoing only frictional abrasion on a flat beach, and with laboratory experiments
modeling this process?
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10 Conclusions
The model of the evolution of the shapes of beach stones introduced here is meant as a starting
point to include the effects of both the global (non-local) shape of the stone and the wave dynamics
into the process. The main equations are simple to state, but as non-local partial integro-differential
equations, they are difficult to solve exactly, and no solutions are known to the author. Numerical
approximations in the continuous-time continuous-state framework using standard curve-shortening
algorithms, and in the discrete-time discrete-state framework using Monte Carlo simulation, both
indicate remarkably good agreement with the shapes of both natural and artificial stones undergoing
frictional abrasion on a flat plane. A number of open theoretical problems are included.
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Appendix
John Zhang’s pseudocode for some of the figures is shown below; to download his Matlab code,
click here.
Figure 3: Start with one of the two starting shapes (black line) in Figure 3.
Generate many uniformly spaced angles.
Calculate the value of the support function (max dot product with initial shape)
in each direction.
Plot the resulting (direction, value) pairs.
Code: Draw Support.m
Figure 4: Set S = one of the four shown 2-d stones (outer curves) S in Figure 4.
START
Calculate the center of mass cs of S.
Compute incremental new shape S1 using a stable explicit scheme (no tangential motion)
for curve-shortening of S under dh/dt = −h2, where h is the support function of S
with cs as origin.
Set S = S1, return to START.
Code: Aristotle.m
Figure 6: Fix the origin O, and center all the stones so that center of mass is O.
Set S = one of the four 2-d stones (outer curves) S in Figure 6.
START
Compute incremental new shape S1 using a semi-implicit finite difference scheme
for curve-shortening of S under dh/dt = −k, where h is the support function
of S with origin at O. [Note: this scheme takes a C1, closed, embedded plane
curve and deforms it for the life of the flow.]
Set S = S1, return to START.
Code: New CSF Semi Implicit 6.m
Figure 11: Same as Figure 4 except using dh/dt = −k/h3.
Code: New CSF Semi Implicit 6.m
Figure 13: Fix a period P = 2pi
Generate N = 20 independent Pareto values X1, . . . , X20 with mean 2.
Generate standard sin wave values.
For the jth period, multiply by Xj .
Code: may2waves.m
Figure 19: Same as Figure 4 except using dh/dt = −h.
Code: Aristotle.m
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Figure 20: Set S = an ellipse with minor axis 0.7, major axis 1, centered at the origin.
START
Compute incremental new shape S1 using a semi-implicit finite difference scheme
for curve-shortening of S (with no tangential motion) under dh/dt = −k/hexpNum,
where expNum is a variable input to the program: 2.5 for (a), 3 for (b), and 4 for (c).
Resize the shape to retain the same area.
STOP IF all coordinates of the current shape differ from all coordinates of the previous
by less than 10−6, i.e., the limiting shape of this equation has been reached.
Set S = S1, return to START.
Code: Numerical Solve Curve 2.m
Figure 21: Same as Figure 20, except S = an ellipse with minor axis 0.5, major axis 1,
and expNum = 2.2.
Code: Numerical Solve Curve 2.m
Figure 23: Set S = one of the four 2-d stones (outer curves) S in Figure 23.
START
Calculate the center of mass cs and the area As of S.
Shift the shape so that its center is at the origin.
Generate a random angle θ uniformly in [0, 2pi], and let θj = θ + 2pij/8, j = 1, . . . , 8.
Choose an angle Θ at random among the θj inversely proportional to h
3(θj) , where
h is the support function of S with origin at (0, 0).
Compute distance d of the line perpendicular to Θ, in the direction of Θ
from cs, so that it cuts off 0.01As.
Compute new shape S1 after this cut.
Set S = S1, return to START.
Code: DiscretizedStones.m
Figure 24: 1. First, produce the initial shape. We do this by denoting all vertices of the polygon,
and then creating a mesh-grid out of those vertices (library does this by finding
the convex shape with vertices, faces). For the eggshape and ellipsoid, we pass
in the spherical coordinates and allow the function to create the mesh-grid.
For the trapezoid, we use a library function and immediately pass in the
mesh-grid values.
2. Calculate the original volume
3. Initialize xyz-coordinates of 12 equally spaced points, chosen as vertices of the
isocahedron.
4. START
5. Center the shape
6. Create a random 3D rotation of the 12 vertices, using the yaw, pitch, and roll
rotation matrices
7. Calculate the distance h to the polygon surface in these 12 directions, and
choose a direction with probability proportional to 1/h3.
8. If deterministic, move cuts along this direction incrementally, stopping when a
perpendicular plane cuts away delta*volume of shape on the previous iteration.
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If random, choose a distance uniformly. Inspect the perpendicular cut made at this
distance along the chosen direction. Accept this cut with probability exponentially
decreasing in volume cut away, proportioned so that the average ratio of volume
cut is delta.
9. Determine the new volume, return to START.
Code: PolygonSlicing3D.m
Image sources for Figure 8:
(a) https://cdn.kingsleynorth.com/catalog/product/cache/2c1ccca3803ba18e37a6905b0ee4cea5/
1/-/1-0036.jpg
(b) https://images-na.ssl-images-amazon.com/images/I/41MRL5iih%2BL._AC_SX425_.jpg.
Last accessed August 3, 2020.
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